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JAN JITSE VENSELAAR 

Abstract. In general, Morita equivalence of spectral triples need not be a 
symmetric relation. In this paper, we show that Morita equivalence of spectral 
triples is an equivalence relation for equivariant torus spectral triples. 



1. Introduction 

Two algebras are Morita equivalent if their categories of representations are 
equivalent. If the algebras are commutative, this implies that they are isomorphic, 
but for noncommutative algebras, the notion is more general. 

By the classical Gelfand-Naimark duality, Morita equivalences of C* -algebras 
can be thought of as homeomorphisms of the corresponding Hausdorff spaces. The 
geometry of a manifold can be encoded by a so-called spectral triple (A^TLjO), 
through the interaction via a Hilbert space H of a commutative C*-algebra A, 
characterizing the topology, and the Dirac operator Z?, characterizing the metric. 
The spin geometry of a manifold, a refinement of Riemannian geometry, is encoded 
through adding to this data an antilinear isometry J of the Hilbert space, called 
"reality operator" . The conditions for a spectral triple can be relaxed to include 
noncommutative C*-algebras, leading to noncommutative geometry. 

In order to have an isomorphism, or isometry, of spectral triples, we thus re- 
quire the algebras to be Morita equivalent, and modify the Hilbert space and Dirac 
operator in such a way that all geometric data is preserved [3] . If the algebra is non- 
commutative, this gives rise to interesting new possibilities for "diffeomorphisms" 
which do not occur if the algebra is commutative. 

For example, given a spectral triple where the algebra is the algebra of smooth 
functions on a four-manifold times a certain finite dimensional matrix algebra, the 
Morita self-equivalences of the algebra change the Dirac operator. These changes 
take the form of connections, which for suitably chosen matrix algebras constitute 
the gauge group of the Standard Model of particle physics W.. 

However, a Morita equivalence of spectral triples (see Section [3]) is not a true 
equivalence relation, as it is not symmetric in general, see for example [H Remark 
1.143]. In this paper, using the results of T3' and fG', Theorem 1.1] on Morita 
equivalences of the algebra of the noncommutative torus, we show what if we restrict 
to equivariant spectral triples for the noncommutative n-torus (as classified by the 
author in [16') Morita equivalences are symmetric. This appears to be the first 
non-trivial example where symmetry can be proven. The Morita equivalences also 

Date: 28/12/2011. 

2010 Mathematics Subject Classification. 58B34; 46L87. 

Key words and phrases, spectral geometry, noncommutative geometry, equivariant spectral 
triples, Morita equivalences of spectral triples. 



2 



JAN JITSE VENSELAAR 



lead to new isometries between real spectral triples which are not present in the 
commutative case, even though all such spectral triples were shown to be isospectral 
deformations of commutative tori. 

2. Torus equivariant real spectral triples 

All possible smooth real spectral triples which are equivariant with respect to 
an n-torus action were classified by the author in [f 6J. We will give a short recap 
of the relevant results and notation. A smooth spectral triple is given by the data 
{A,'H,D), with A a pre-C* algebra, here assumed to be unital and separable, H 
a separable Hilbert space on which A has a representation tt, acting as bounded 
operators. The operator Z?, usually called Dirac operator, is an unbounded operator 
on Ti. This triple has to satisfy certain conditions, clarified for example in |15j . A 
real spectral triple has an extra operator J, an antilinear isometry of Ti with itself. 

An equivariant spectral triple is a spectral triple for which a Hopf algebra acts 
on all of the data of spectral triple in a compatible way, as described in 14). 

The algebra of an equivariant real spectral triple on the noncommutative n-torus 
is generated by unitary elements C/x with x £ Z" such that 

U^Uy^e{^-ey)UyU^, 

with 6 a real skew-symmetric n x n matrix. As shorthand we write e(-) = e^'^*', 
and X • y for the standard inner product for vectors in M" . 

The Hopf algebra for which the spectral triple of the noncommutative torus is 
equivariant, is the algebra C/(t"), the universal enveloping algebra of the Lie algebra 
of the n-torus. The Lie algebra is generated by n generators Si such that 6i6j = 6j6i. 
The algebra has a representation p on the Hilbert space, a representation cj) on the 
C*-algebra such that (j){Si)Ux — x^J/x, and the representations satisfy: 

(la) p{h)Tr{a)v = {TT{(f){h)a) + TT{a)p{h)) v, 

(lb) p{h)Dv = Dp{h)v, 

(Ic) 

ioT V E "H, h E U{i'^) and a E A. The real structure J anticommutes with the Hopf 
algebra action. 

Any set of mutual eigenvectors e^i of the generators Si, with SiC^j, — /i^e^, /i. E K", 
form the basis of a Hilbert space on which U{t^) acts in accordance with the above 
conditions. If the set of eigenvectors e^^ is of the form {efJ,^^+x}^^^,^, the algebra A 
acts naturally on this space. 

In order for the real spectral triple to satisfy all conditions as stated for example 
in [2], we restrict the vectors fi to lie either in the lattice Z", or Z" shifted by 1/2 
in one or more directions. Furthermore we take 2L"/2J copies of the Hilbert space. 
The algebra A acts diagonally on this space. The Dirac operator is given by 

(2) D = Y,{^^■S)A^+B, 

i 

with {Ti}"^^ linearly independent vectors spanning M", B a bounded self-adjoint 
operator commuting with the algebra, and {^i}"^]^ a set of 2L"/^J x 2L"/^J self- 
adjoint matrices which generate an irreducible representation of the Clifford al- 
gebra Clnfi on CL"/^J. The real structure J is then uniquely determined, up to 
multiplication with a complex number of norm 1. 
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3. MORITA EQUIVALENCES OF SPECTRAL TRIPLES 

3.1. Definitions: general case. Two pre-C* algebras A and A' are strongly 
Morita equivalent if there exists a Hilbert C*-bimodule a'^A for which we have 
A' = End^(iS) [11]. If A and A' are strongly Morita equivalent, we say that the 
spectral triple {AjT-LjD) is Morita equivalent to {A' ,H' , D'), if H' = £ ®a ^ and 
the Dirac operators D and D' are related by a connection. The connection is a way 
to transport the action of D from H to H' ^ £ <E)a This is needed, since the 
action of D does not in general commute with A. 

The connection \7 o on f is a linear operator on £ such that 

(3) = V(s)^ + s«)DC, 

has all the right properties of a Dirac operator on H' . Consistency of this definition 
with the action of A on £ and Ti give that Vd must satisfy a Leibniz rule: 

(4) VD(sa) = V(s)a + s® [£»,«], 

for all a e ^ and s G E. In order to have consistency with the commutative case, 
where connections are given by one-forms acting by multiplication on the space of 
spinors, we have that must take values in £ where n]~i is the space of 

bounded operators on H given by: 

(5) = span{a[L», b]\a,be A}. 

By construction fljy is a bimodule over A. The condition that D' is a self-adjoint 
operator on H' gives an extra condition on Vd, it must be Hermitian: 

(6) {r\VDs)-{VDr\s)^[D,ir\s)], 

for all r,s £, where {r\s) is the inner product of the Hilbert C*-modules £, taking 
values in A. 

From ([3]), the Dirac operator D' can be determined, up to a component com- 
muting with the algebra A' , as follows: 

(7) [D',b]{s(S)ilj) = [\/D,b]s(S)ip + bsi»D'ip-bs(S)Dilj = [V D,b]s (S) -ip. 

We will denote a Morita equivalence of (.4, HjD) to {A' , H' , D') by an equivalence 
bimodule £ and connection Vd by (£, V^). 

3.2. Definition: real spectral triple. If we are considering a spectral triple with 
a real structure J, the Hilbert space % is an ^-bimodule, with the opposite algebra 
A° ~ JAJ~^ acting from the right. The Hilbert space T-l' can then be converted 
to a y^'-bimodule by setting H' = £ ®a H (g)^ £ where £ is the opposite module 
a£a', and 

(8) D'{s (g) -0 t) = V{s)ip (^t + s(^Dip(^t + s(^ -(/"(Vt). 
The real structure J' is then given in the obvious way 

We see that ([7|) still can be used to calculate the new Dirac operator in this case. 
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3.3. Examples. If is a noncommutative algebra, non-trivial examples are the 
Morita self-equivalences of A with itself. Take as equivalence bimodule the algebra 
A itself. The algebra and Hilbert space are unchanged, but the Dirac operator D 
changes as [3j: 

(9) D' = D + A + ejJAj\ 

where A is given by a finite sum aj [D, bj] , aj , bj G A. The sign ej in the equation 
is +1 if the dimension of the spectral triple is n ^ 1 mod 4 and —1 is n = 1 mod 4, 
where the dimension is a number describing the growth of the spectrum of the 
Dirac operator, see for example In the case of the noncommutative n-torus, the 
dimension is n. 

The element A of is called a gauge potential, and is an important part of the 
noncommutative geometry approach of the Standard Model of particle physics [T] . 
As a useful and interesting example, we compute a Morita equivalence of a coni- 

d 

mutative spectral triple {C°°{S'^), L'^{S'^),i — ), with the function algebra C°°{S^) 
generated by appropriately summable combinations of unitary generators e^'^*'^'*. 

We take the equivalence bimodule to be C°°(S'^). We have n]^ ~ C°°{S^), and 
so the connection V^) is a linear map from C°°{S^) — >■ C°°{S^). The Leibniz rule 
dU in this case reduces to V£)(a6) — V(a)6 -I- a[D,b], hence Voia) = [D,a] + ca 
with c g C°°(5i). The Hermitian condition ^ then ensures c = c* . The new Dirac 
operator is then the same up to additive term commuting with the algebra, hence 
D' = D + c with c = c* e C°°{S'^). In the real case, since Jjt = 1 and JD = -DJ 
in dimension 1, we see that 

Jcjt = Ja[D,b]J^ = a*[JDj\jb.P] = -a*[D,b*] = -c*, 

hence D' = D + c — c* = D. This is in fact true for all Morita equivalences of 
commutative real spectral triples when the Hilbert space is given as usual by 
sections of spinors, see the discussion in [TUl Section 3.4]. If the Hilbert space is 
taken to be more general, commutative examples where D' ^ D can be constructed, 
see [5]. 

3.4. Equivalence relation. Morita equivalence is an equivalence relation for C*- 
algebras, but what about Morita equivalences of spectral triples? It is obviously 
a reflexive relation. Also not so hard to see is transitivity. For completeness we 
observe: 

Lemma 1. Morita equivalence of spectral triples is a transitive relation. 

Proof. Let A, B and C be pre-C* algebras, such that A is strongly Morita equivalent 
to B via the bimodule b^A and B strongly Morita equivalent to C via the bimodule 
cJ'Bi one can form the bimodule cQa = ^ ®B £i a-nd it is well known this is a 
Morita equivalence bimodule between A and C. 

Now given a Morita equivalence of spectral triples from {A, H, D) to {B, %' , D'), 
and a Morita equivalence of spectral triples from {B,H',D') to {C,H" , D"), we 
construct a Morita equivalence from {A,H,D) to {C,7i" , D"). Clearly H" = J- 
W = T®£®n = Q(8)n. 

Denote the respective connections of the Morita equivalences by V d and Vc. 
We can then define an Jl^^-connection V d" on Q by 

(10) Vr," := Vu' Oldf +Id^«) Vd. 
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To see that this is connection, notice that it satisfies the Leibniz rule for the A- 
action, since the action of V_d' on trivially commutes with the action of the 
algebra A on £. 

We still need to show that this is indeed a map Q ^ Q (g) fi]^ . For the Idjr ®Vd 
part this is clear. 

We have that Vd' (25 Id^ part is a priori a map F ® 8 ^ J- ® ^\), Cg) £, with 
the A' bimodule spanned by {«[£'', 6] |a, G A'}. But since \D' ^h] = [V£i,6] acting 
from the left on £, and Vd is a map from £ io E ® ^\), we can view this as an 
element oi J- ® £ ® Sl^^ , hence oi Q ® Sl^^ . 

This connection is such that [V£i",c] = [-D",c] for all c G C, since [£'",c] = 
[Vcjc], and the second part of (|10p commutes with the C-action. Also, [VD",a] — 
[D, a] for all a ^ A, since the first part of pUj) commutes with the ^-action, hence it 
is a well-defined fjj^-connection if Vd is. As a linear combination of two Hermitian 
connections, it is a Hermitian connection. □ 

Remark 1 . This construction is also compatible with a real structure, since we can 
just write out ([5]) for both connections, and check that they are the same. Also, 
the real structure J" can easily be described in terms of the real structure J, since 

J"{u (g)s(g>^(g)i(E)v) = v(g) J'{s (g) ^ (g) t) (g> u = V (g) g)tJ^ (gs(gu, 

with s.t Cz £, u,v ^ J- and ^ £ H. 

An open question is when Morita equivalences of spectral triples are proper 
equivalences, that is not only reflexive and transitive, but also symmetric. It is well 
known this does not hold in all cases. For example, if {A, C'^, D, J) is a real spectral 
triple with a finite dimensional algebra A, by the results of [8 the Dirac operator 
for a real spectral triple can be written as 

D = A + JAJ-\ 

with A a k X k self-adjoint matrix in fi^^. Together with ([9]), this implies that there 
is an Morita self-equivalence with the spectral triple (^,7^,0, J). Since 17j = {0}, 
there is no connection such that there is Morita equivalence of spectral triples 
from {A,C'^ ,0, J) to {A,C'',D,J), hence the relation cannot be symmetric. With 
the same arguments, if a spectral triple can be written as a direct sum of other 
spectral triples, and one of these spectral triples is finite, then the relation cannot 
be symmetric. In the following section, we will present the first case where the 
Morita "equivalence" is provably an equivalence relation. 

The proof of symmetry as in [TTl Theorem 5.6] allows for a more general type of 
connections, taking values in £g) B{%), not just £ (g fij^, still satisfying the Leibniz 
rule ([H and Hermitian condition ([6]). This implies in particular that in the case of 
a Morita self-equivalence of a spectral triple with a finite dimensional algebra A, a 
connection can take the form of any bounded self-adjoint operator B. 

4. Morita equivalences of noncommutative tori 

From [9l Theorem 1.1] we know that two algebra Ae^ and Ae^ of smooth non- 
commutative n-tori are strongly Morita equivalent if and only if their matrices 9i 
and 92 lie in the same SOin^v]!?) orbit. This is the group of 2n x 2n matrices 
which leave the quadratic form XiXn+i invariant, have determinant 1 and have 
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integer entries. We can write elements of SO{n,n\'Z) in the following block form: 



(11) \C D 

with A, B,C, D n X n matrices with integer entries. 

We can identify several subgroups of this group. For the group GL{n,Z), if we 
take any R S GL(n, Z) the matrix given by 

'R 
.0 {R'Y 

is in SO{n,n\1j). Also, for the additive group Skew„(Z) of skew-symmetric n x n 
matrices with integer entries, for any such matrix N the matrix given by 

'Id„ N 

Idn, 



(12) p{R) 



(13) iy{N) 



is in SO{n, n|Z). Finally we have element a2, that acts on (xi)^"-^ by interchanging 
xi with a;„+i, X2 with x„+2 and leaving the rest invariant. The following is known: 

Lemma 2 ( KT). The group S0{n,n\7j) is generated by the action of the elements 
p{R),R e GL{n,Z) and v{N),N e SkeWn{Z) defined above, and the single element 

The action of 50(n,n|Z) on an n x skew-symmetric matrix 9 is given by 

(14) gO -.^ {Ae + B){ce + Dy^ , 

where A,B,C and D are the matrix components defined in (jlip . This action is 
only defined for the subset of the skew-symmetric matrices 6 for which C9 -I- D is 

invcrtible for all possible C,D such that G SO{n,n\Z). We will restrict 

our attention to this set of 6 and denote this set by 0^ . This is a dense set of the 
second category in the set of all skew-symmetric n x n matrices, as shown in |13| . 
In [9] the Morita equivalence is extended to skew-symmetric matrices 9 such that 
g9 is not defined for all g. 

We will describe the Morita equivalences of C*-algebras induced by the gener- 
ators of the group, following [T3|. Since Morita equivalence of C*-algebras is well 
known to be a transitive relation, this is enough to calculate the equivalences for 
the entire group. 

Given an skew-symmetric nxn matrix N with integer entries, the action of I'iN) 
on the matrix 9 can be deduced from (jl3[l as 9' = 9 + N . We see immediately that 
the algebras Ae and Ae' are isomorphic, since e(x • 9y) = e(x • {9 + N)y). 

For every element R S GL{n,Z) we have an element p{R) of SO{n,n\Z) given 
by (|12p and we see that p{R){9) = R9R*. The commutation relations become 
UJJy = e(x • R9R*-y)UyUy^ so the algebra Ap^R^g is isomorphic to Ae- 

The last generator ct2 of SO{n^n\1,) is not an isomorphism, so the equivalence 
bimodule is a bit more involved. We will calculate here explicitly the effect of (J2 
on the action of the algebra Ae , following the description given in [T3| and [12] . 

Set q = n — 2. The Morita equivalence goes via the bimodule 5(M x Z''), the 
space of Schwartz functions over R x Z'': 



sup Ix'^—rfix) I < CX3 Vfc, n G N 
.rf=K ax" 
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with iS(Z) the obvious restriction of the above to the integers. We have S{M. x 
X S(R). Write 



711 (712 
^21 ^22y 

with 9ii the top 2x2 part of 9. If 6*11 7^ 0, this is an invertible matrix. Then 
(15) a^ie) 
Define 

Jo = 

Write Xq for the vector in consisting last q components of x and let Tn be any 
2x2 matrix such that 

Tii*JoTii ~ —Oil 
and T32 any q x q matrix such that 




Tt rpi n 

32 ^ -'-32 — 1722 ■ 



If Oil is not zero, Jo is similar to —On, and so there always exist such a Tn. Also, 
022 is skew-symmetric, so there exists a suitable T32. 

We now follow [13 in defining a right action of Ae and left action of Ae' on 
x Z"^) such that their actions commute. 



Lemma 3. If On is invertible, i.e. not zero, a right action of the generators 
with X G Z" of Ae on S(R x Z'') is given by 

(16) Kfit,p)^e{{{Ol^ T32)-x).p+(Tii.x)i.t)/(t+(Tii.x)2,p + x,), 

with (Til ■ x)^ the i-th component o/Tn • x and Xq the vector composed of the last 
q components of x. 

Proof. Define the homomorphism T of Z" into M x Z* x by the matrix action 

^Tii 

T = I Iq 

?12 T32y 

We see that T maps Z" ~ Z^ x Z« onto a lattice in x Z« x R"?. Given an 
element (s, t,u,v) of R x R x Z'' x R', one has the following action on 5(R x Z'^): 

Tr{s,t,u,v)f{x,p) {t,x){v,p)f{x + t,p + u), 

where (, ) is the natural pairing between a group and its dual, with values in T. 

We see that value of v only plays a role modulo Z, hence we can reduce T to map 
to R X R X Z"^ X T"^. But this means we can write T as a map from Z" into M x M, 
with M = R X Z« and M is the Pontryagin dual of M. Because T\J2T = -0, we 
see that the generators Ux with x e Z", and hence the whole algebra, give a right 
action of A on 5(R x Z«). □ 

The way to find the endomorphism algebra, hence the strongly Morita equivalent 
algebra Ae', is to find an embedding S of Z" into R x R x Z? x such that S{Z") 
and T(Z") are dual lattices, i.e. the ^(x) • JT{y) e Z for all x,y e Z". 
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Lemma 4. The strongly Morita equivalent algebra Ao' acts on S{M. x Z'') by 
f/i/(t,p) = e((j„(Tii*)"'(/2 -012) •x)^.t+((0 T32)-x).p) 

(17) /(< + Jo ((Til*)"' (/2 -^12)1) ,P + x,). 

_Proo/. Consider the map 5 : Z" ^ x Z'' x given by the matrix 

/jo(TiiV' -Jo(Tii*)"'^?12^ 

^ = /, 

V 

Since 5* o J2T e Z, this gives a lattice dual to r(Z") in x x K^, and thus 
gives a commuting left action. As can be checked, this is the algebra Ae' with 

We thus have a Morita equivalence between the two algebra Ae and Ae' , via the 
bimodule S{Mp x Z^), with the right action given by (IT6l) and the commuting left 
action given by ([T7| . 

5. Morita equivalence of torus equivariant spectral triples 

We now consider Morita equivalences of equivariant real spectral triples on the 
noncommutative n-torus, as described in Section [21 See 16] for details of the 
classification. We first determine the structure of the bimodule fi^j, and then 
deduce the general form of a connection from this structure. 

Lemma 5. The bimodule ~ span{a[D, b]\a, b e Ae} is a free module of rank n, 
i.e. given by 

Thus we have £ — 

Proof. We know due to |161 Theorem A] that D can be written as ' ^) ^ 

Ai + B with a set of 2L"/2J x 2L"/2J matrices generating an irreducible 

representation of the Clifford algebra Cln,Q, and B a bounded operator commuting 
with the algebra action. To see that the Ai generate the whole module, first consider 
the module with D' = ' ^^i- The modules ^\), and Vt]^ are isomorphic 

by the action of an element G G GL{n, M) such that G{ri) ■ dAi = ^ ■ e, • 8Ai for 
all i. Such a G exists, since the are n independent vectors in K".The bounded 
operator B does not play a role in the definition of £7^, since it commutes with the 
algebra. 

Since for all j , [5j^ a] ^ A and the Ai commute with the algebra action, we can 
write any b = ^■aj[-D,Cj] G as a sum '^jbjAj, with each bj — '^iO,i[5jTCi]. 
Also, for any element a G ^ we have a — all*. [5i, 11^], hence any b — biAi gives 
rise to an element b G f^^. 

The Ai are independent over A, because 

j i i 

where the last equality uses the fact that the Ai are generators of a Clifford algebra. 
This is a sum of positive operators a*ai, hence only zero if all ai are zero, thus the 
module is free. □ 
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Using this decomposition, we can describe a connection V d in terms of its com- 
ponents acting on the different subspaces of £ n]^). In fact a more convenient 
description, in terms of the generators of the Hopf algebra ?7(t"), is available. 

Lemma 6. The connection Vd on £ — S(R x Z"~^) is a linear combination of n 
connections Vi + bi, for which 

(-r,)j Vj, U^]^ (g)A,v = ij(S) [t, ■ SA„ U^]v, 

j 

and hi £ Endj{(£), the Morita equivalent algebra. 

Proof. Via the isomorphism induced by the action of GL{n,M.) introduced in the 
proof of Lemma El we see that in order to deduce the connection Vd, it is enough 
to calculate the connections Vi where Vi is defined through the Leibniz rule as: 

with ^ € £, V G H, a E A using the right action of ^ on This determines the 
Vi up to an additive term bi commuting with the action of the algebra Ae on £. 
Because £ is assumed to be a Morita equivalence bimodule, we have bi S Ae'- □ 

Lemma 7. Up to elements of the algebra Ae' , the action ofVi on the space iS(M x 
1/^) is given by: 

/orz = l,2.- V.=Tii-i.(i ^1), 
for i — 3, . . .n: Vi — p. 

Proof. By a simple calculation using (|16p. these connections give the right commu- 
tators with generators of the algebra Ae ■ □ 

Remark 2. While these connections lead to an equivariant spectral triple, they 
themselves do not form the Hopf algebra for a equivariant torus action, since 

[Vi,V2] = (0n')i2- 

We only have equivariance with respect to an equivariant action on the last q = n—2 
components. 

Recall that all Morita equivalences for Ae are given by the group SO{n,n\'Z) if 
G 0^, the set of all antisymmetric matrices such that the SO{n,n\'Z) action is 
defined for all elements of SO{n,n\Z). This is a dense set of the second category, 
see Section m 

Lemma 8. Given an equivariant noncommutative n-torus spectral triple {Ae, "H, D, J) 
with D as in ([2]), £ 0„, and 0' — (J2{0), then the Dirac operator D' in the equi- 
variant Morita equivalent spectral triple (Ae' jT-L' , D' , J') is given by: 

with B' an arbitrary bounded self-adjoint operator commuting with the algebra Ao' , 
and the ji matrices generating an irreducible representation of the Clifford algebra 
Cln,o and Ti as in ([2]). 
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Proof. The Dirac operator D' 



on H' can be calculated using (O: 



[D', U^]{s ® e ® - ([Vd, C/x]s)^ ^ 1 



We know Vjj in terms of the calculated in Lemma [T] 



= (/2 -6^2) ■ X. 



From this data we can now compute D' 



as 



(19) 



D' ^Y,{t'^-S)^A,+B', 



where [t^ ■ S, C/x]V' ® w = [V,;, U^]'4> and S are the generators of the equivariant 
torus action. 

The additional term we had for the connections, the bi € Ag> is seen to vanish 
when we demand a Dirac operator of the form (1191) . Since an equivariant Dirac 
operator should commute with the Hopf algebra as in pb| , we have that [6j ,bi] = 
for all However, in this case we have that C/^] = for all i and x G Z", and 
so the contribution of the hi to the Dirac operator is a bounded operator commuting 
with the algebra, hence can be absorbed into B' . □ 

Theorem 1. For 9 £ 0°, if the algebras A{Tg) and A(Tg,) are strongly Morita 
equivalent and there exists a Morita equivalence (£", Vd) of equivariant spectral 
triples from {A{Tg),'H, D, J) to {A{Tg,),'H' , D'), then there exists a Morita equiv- 
alence (f,Vr,/,) from {A{T'^,),U' ,D' , J') to (^(T^), "H, £>, J) such that the com- 
position of the Morita equivalences gives a spectral triple unitary equivalent to the 
original spectral triple (^(Tg ), £>, J). Thus Morita equivalence of equivariant 
torus spectral triples is an equivalence relation when 9 G 0" . 

Proof. We have for all 9 e 0^ that the set of Morita equivalences is given by 
SO{n,n\Z), and by Lemma [5] we know that this group is generated by GL[n,2.), 
Skew„(Z) and the element 0-2 ■ Since we know Morita equivalence of spectral triples 
is a transitive relation by Lemma [1] it is enough to construct inverses for the 
generators of this group. If g G GL{n,'Z) or g G Skew„(Z), the Morita equivalence 
of algebras was actually an isomorphism. Since the algebras are isomorphic, the 
corresponding transformation of the Dirac operator is easily seen to be invertible. In 
fact, for the Skew„(Z) case, the Dirac operator is unchanged, and ii R G GL{n,'Z), 
the Dirac operator changes under p{R) as: 



For the (T2 generator, this follows from LemmaO Since a2°o'2 = Id on matrices, 
we see that the inverse of the Morita equivalence of algebras is given by applying 
(72 again. The corresponding Dirac operator is given by applying twice, and 
using 



£>' = {R-^T ■ S)Ai + B. 
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We then see: 

= ^ (r^ • J) ® 7, + B, 

i 

hence the relation is symmetric. From Lemma [T] we know that Morita equivalence 
of spectral triples is a transitive relation, and reflexivity is trivial via the identity 
map, thus Morita equivalence of equivariant spectral triples of the noncommutative 
n-torus is an equivalence relation. □ 

The fact that for equivariant spectral triples the Morita equivalences are provably 
invertible suggests that these type of spectral triples are in some way special among 
all spectral triples. In fact, even for noncommutative n-tori with 9 € 0^, not even 
the dimension of the kernel of the Dirac operator in the Morita equivalent spectral 
triple is known if we drop the equivariance condition, see for example the discussion 
following [71 Corollary 5.2]. One would need to investigate if there is a canonical 
way to pick out these preferred spectral triples, even among spectral triples which 
do not admit an obvious equivariant action. Also the structure of the moduli space 
of noncommutative tori, especially the extra equivalences due to the cr2-equivalence, 
merits investigation. 
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